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Introduction.

AN earlier Paper* by the same authors dealt with one aspect of the same problem and
in its conclusions indicated the possibility of the present development. In order to
deal with the equations of motion for a viscous fluid in two dimensions, the approxi-
mation for slow motion due to STOKES was used, with a consequent need for the intro-
duction of a boundary limiting the expanse of the fluid. Whilst keeping the analysis
as general as possible, the example given related to a circular cylinder centrally placed
in a parallel-walled channel. The extension now to be described follows generally
similar lines ; the form of equation has been changed from that of STOKES to one
proposed by OseEN, the change representing a closer approach to the full equations
of motion by the introduction of terms dependent on the inertia of the fluid. A
consideration of the differential equations by earlier writers has indicated a close
agreement between the motions near a small sphere in the two cases, but a marked
difference in the more remote parts of the fluid. OseEN has shown, for the sphere,
that the resistance formule for the two cases are identical to the first order of small
quantities.

In the case of the two-dimensional motion of a cylinder the differences are rather

* ¢ Roy. Soc. Proc.,” A, vol. 100 (1922). .
VOL. CCXXIIL—A 614, 3 F [Published, July 20, 1923.
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more striking. In the StokEs’ form of approximation it is not possible to satisfy all
the essential conditions when the expanse of fluid is infinite, whilst with OSEEN’s type
of equation this particular difficulty disappears. Having seen OsEEN’S solution for
the motion of a sphere in a viscous fluid, Lams applied a similar method to the circular
cylinder, and an account of his analysis is given in the ‘ Philosophical Magazine,” and
his treatise on ¢ Hydrodynamics’ (p. 605) ; a resistance formula is deduced which is
applicable at low velocities. There are two approximations in this solution, one physical
and implied in the original differential equation, and the second mathematical and
introduced in the solution. There is a certain degree of inter-relation between the
two approximations, but it has been found that the second of them may be removed.
An estimate of the degree to which OSEEN’s approximation represents the complete
equation of viscous fluid motion can be obtained by comparing the results of the new
calculations with those of experiment. In the result it appears that the amount still
to be accounted for by the remaining inertia terms is less than that already dealt with,
in the case of both the resistance of circular cylinders and the skin friction of flat plates.

One of the purposes of the present inquiry was to prepare the ground for a solution
of the complete equations of motion for very general boundary forms, and steps are now
being taken to that end. The approximate formule now dealt with have a validity
not anticipated to the extent realised, and appear to give a substantial start for the
more complex problem. Both on experimental and mathematical grounds it appears
probable that the extension of analysis now contemplated can be sub-divided, and that
the remaining inertia terms have an effect of importance whilst the motion remains
steady ; for higher velocities it is known that the motion behind a cylinder becomes
periodic or eddying.

In the present paper resistances have been calculated for cylinders and planes moving
through fluid stationary at infinity. In the case of the plane, that case was chosen for
which the plane contained the direction of motion. The problem of dealing with a
cylinder of any cross-section has been attacked and a method of solution indicated.*
In the case of the circular cylinder the process is wholly analytical, for the plate it is
mainly so, whilst for a section such as that of an aeroplane wing resort would be made
to graphical methods of calculation.

The experiments used for comparison were made at the National Physical Laboratory
in the course of the study of Aeronautics. Those on circular cylinders are directly
suitable for the present purpose, since the conditions of experiment approached those
necessary for two dimensional flow to a satisfactory degree. By a judicious use of the
principle of dynamical similarity, the observations provide an internal check on the
accuracy of measurement attained.

No corresponding experiments exist for the flat plate, all the reliable experiments
having been made on plates which had their greatest dimension along the stream. In

* One of the Research Students of the Imperial College is at present applying the general method to a
particular example. : ,
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this case the comparison between calculation and observation cannot be precise, and
only rough general agreement can be asserted as a result.

The series of experiments on circular cylinders is due to ReLr.* Wires of different
diameters were tested over a range of speeds in a wind channel. Interpreted in terms
of functions suggested by the principles of dynamical similarity, the tests give the
value of a resistance coefficient as a function of the product of the speed, diameter of
the wire, and the reciprocal of the kinematic coefficient of viscosity. This product
is represented in our analysis by a single variable k, and in general it will be found that
the type of motion calculated varies with k. At values defined by log;, 4k = 1-0,
1-2 and 1-4, the calculated resistance co-efficients are 31 per cent., 48 per cent. and 60
per cent. greater than those observed. It is probable that substantial agreement would
be obtained between the two values were the experimental range extended to somewhat
smaller values of £.

A further report by RELF} on the singing of wires in a wind indicates a limit of %
below which singing cannot occur. The report identifies the period of the singing
with that of the eddies produced, and places the limit at about log,, 4k = 2, t.e., above
the range of comparison just quoted. It is, therefore, surmised that the differences
now found are not due to unsteady flow in the fluid, and that extension of method may
take place by the introduction of further inertia terms and without the complication
of periodicity.

Experiments on flat plates have been made by FrouDE, ZanM, and to a limited
extent by Stanton.} ‘

So far as we are aware the type of extension of method here achieved is new in the
published literature of the subject, but we are aware of the work of several authors
who are dealing with the motion of viscous fluids. Apart from OsEEN, who stated
the equations in the form used in this paper, there are a number of investigators dealing
with the slow motion of spheres, both in free space and between walls. In some of
these instances, the approximation due to Stoxes suffices, as was found in our earlier
paper. The particular problem there solved has been independently dealt with by
Hitping Faxen.§ It should, however, be noted that the methods now found are
applicable to cylinders of any section, whilst no such generality appears in the analysis
by FaxeN. In his earlier paper for his Doctorate, FAXEN gives a bibliography of
the subject, and to the references there given we have nothing to add.

The line of attack adopted by us was suggested by Laump’s|| treatment of the circular

* “ Discussion of the Results of Measurements on the Resistance of Wires with some Additional
- Tests on the Resistance of Wires of Small Diameter.” By E. F. Rerr, A.R.C.8c., * Rept. Advisory Com-
mittee for Aeronautics, No. 102, March, 1914.
T ¢ Report Aeronautical Research Committee,” T. 1570.
T ¢ Advisory Committee for Aeronautics, R. and M.,” No. 631, February, 1919.
§ ¢ Annalen der Physik,” vol. 68 (1922).
|| “ Hydrodynamies,” p. 604.
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386 MR. L. BAIRSTOW, MISS B. M. CAVE, AND MISS E. D. LANG ON

cylinder, and a brief account is consequently given in a form suitable for our develop-
ment.  Certain new functions are introduced, the properties of which involved an
appreciable amount of investigation before satisfactory formulee for calculation were
deduced. During the investigation, experience was gained in the graphical manipulation
of certain complicated integrals, and it was only at a late stage that the fuller use of
analytical methods appeared feasible.

1. Lawmp’s Solution of the Viscous Fluid Motion round a Circular Cylinder.

In general, the notation used in this paper is identical with that of Lams’s * Hydro-
dynamics * so far as the equations of motion are concerned, and with that of Gray,
Marrews and MacRoBERT for the various Bessel functions which occur.

- being the Lagrangian stream function corresponding with the co-ordinate velocities
w and v, LAMB points out* that '

N, 09 _ /_.1__8_\ ki

ay__u-— 3 c(\l 2]c8m/e Ko(kr), . . . . . A(1)
@._: —_@‘P .i_a_ ke
= 6y+2/caye K, (kr), . . . . . . A(2)

are expressions which satisfy the equation of viscous fluid motion in the form suggested
by OsEEN, .e.,

we=U%X . A@3)
ox

provided -that ¢ satisfies LAPLACE’S equation, K, is the BessEL function of the second
kind definedf generally by the relation

K,,(g):j e~fehv oosh nwdw, . . . . . . . A(4)

0
and that 2k = U/». ¢ 1s a general numerical factor, which together with ¢ is to be
determined by the boundary conditions.

Introduce two related functions in order to change the form of A (1) and A (2). One
of these, 4, is found from ¢ (or instead of ¢) and is connected with it by the formulee

Oy _ 8¢ By _ 9,
= 2y’ Oy i oo A

* ¢ Hydrodynamics,” p. 605.
1 Gray, MareEws and MACROBERT, p. 51. ° Treatise on Bessel Functions.’
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it is clearly a harmonic function. The second function, which we have denoted by 2,
satisfies the differential relations,

ox 7r]c

al‘ _ 2 o .
T 2768) K(k/r)J

In terms of A and v it is now seen that equations A (1) and A (2) reduce to a single
equation

A_1 = oK, (k) ]
L A ®)

¢=%C>\+«,b,,. Y ¥ (0

where ¢ and , are as yet undetermined.
In an Appendix to this paper it is shown that A can be expressed in the form of definite
integrals as follows :—

(& 6) = £K, (&) j:efcosacosada+gK1(g)j:efcos¢da, L A@)

where polar co-ordinates are used which satisfy the relations
&= lr, =tantyfe. . . . . . . . . A(9)

When ¢ is small, A can be expanded in the form

fex = 9+-f[sin 0 (K, (I, +1,) +2K.T,} + 5220 (R, (1, 4 ) + 2K, L}

n Siﬂ339 {Ko (I;,'I”L) +2K113} +...j|, .o A(].O)

the BEssEL functions K, and I, being functions of ¢ only.

In following LamMB we retain only the first term of the square bracket and use the
expansions for K, Iy, etc., retaining only the most important terms, the approximations
being

, 1
Ky=—(y+1 2), Ky=-,
o= = (y+log ¢f2) E}_ .
IL=1, I, =¢/°
These lead to
' ken = 0+¢sin6{l—y—log g2}, . . . . . . A(12)
and within the limitations imposed we may take
¢,=a9+/3$";9 N W e T:)
where « and § are constants with respect to ¢ and 6. Equation A (7) becomes
= ‘ —y—Tlog & sin g
Y= 2k{9+fsm9<1 v— log 2>}+ ab+G PR A (14)
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The boundary conditions, being those of no slipping relative to the cylinder, may
be expressed as
Ué‘

sin 6,

W, =

oy o
;Jb-—k 5 UsmG

where U is the velocity of the cylinder relative to ﬂmd at 1nﬁmty and & is the -value
of £ on the boundary. It is easily seen that

A (15)

__c _ o o= 2U A (16
. p=—pe wd o= 2 AGs)

are the correct values to produce agreement betWeen A (14) and A (15), and for small
values of kr , ~ ,
~ Usine lm) 7 } ' -
= -1 s L L A7
[ v lcm/2{ <1 Y08 2 (17)

is the final value of the stream function. Corresponding with this Lams shows that
R, the resistance of unit length of the cylinder, is obtained from the formula

R _ 4/ U A(18
pUzd_%-—'y—l 10g8 lOO'Uol/V oo ( )

d being the diameter of the cylinder.

The value of v at points in the fluid for which &r is not small may be obtained from
A (7) and the values of ¢ and v, now found. It differs markedly from that given by
A (17) when % is lazge. Although A does not vanish at infinity it may be shown from
A (6), by use of the asymptotic expansion for Ko(kr), that its derivatives with respect
to @ and y are zero. Differentiation of A (7) then shows that the fluid is stationary at
infinity, the velocities vanishing to an order not less than 7%, :

Equation A (17) serves as a connecting link between the present paper and our earlier
one on ““The Two-dimensional Slow Motion of Viscous Fluids.”* In the immediate
neighbourhood of the cylinder, or more precisely, for small values of REYNOLDS’ number
Ur/v it appears from A (17) that the stream function y satisfies the differential
equation

V*¢=,..........(19)

which was given by StoxEs as appropriate for slow motion. In our previous enquiry
equation A (19) formed the starting point, and the methods there followed go a long
way towards establishing equation A (17), which may be re-written as

\ .
\bzg(1—-7—logk/2)_’rsin9——§sin0< logr—l— T) .. . A(20)

* ¢ Roy. Soc. Proc.,” A, vol. 100 (1922).
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The first term on the right-hand side of A (20) represents a uniform streaming, the effect
of which is only to change the velocity of the cylinder through the fluid. Equation
A (20) shows a change of umform streaming from

Uto —U: §+10g7'(}m)___ (—2}(%+logro).. S A (21)
—y=log 2

From equation A (19) it follows that the molecular rotation ¢ satisfies LAPLACE’S
equation, and the appropriate solution for the circular cylinder which satisfies any
arbitrary boundary distribution and also vanishes at infinity is

& = AS“;" ASH;% L A@
Corresponding with this we have

Vg = éi'r'loorfrsm 60— %Sin 20+...

A (23)

+B, s 0 +B, sin 20 +

e
r?

where the harmonic function now added also vanishes when 7 is infinite. The deter-
mination of A;, B, etc., to satisfy the boundary velocities given by A (21) presents
no difficulty and the final value of 4, is the second term of A (20).

It will be seen therefore that either StokEs’ form of equation or that of OsEEN will
give the details of motion near a cylinder, except for a constant multiplier in the case
of the former. This result is closely akin to that found by OsEEN in the case of the
sphere, where it is found that both equatlons lead to completely determinate answers.
In the immediate neighbourhood of the sphere the solutions agree and lead to a common
value for the resistance, but at considerable distances away the motions are very
different. OsEEN’S modification of STOXES’ equation is then seen to correspond with
a change in the conditions which is fundamental at infinity but becomes unimportant
as the moving body is approached.

In our earlier paper it was shown that analysis could be extended in the case of
V4, = 0 to cover cylinders of non-circular form, and with the freedom given by graphical
calculation the section may be chosen arbitrarily. The comparlson given above suggests
the possibility of similar generality when the equation is

Wi = UV 0y fox,

and the equations are developed at a later stage. (See also p. 424, Note added
April 5,-1923.)
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2. Euxtension of Lams’s Solution to cover Larger Values of Ud/|v.

A mathematical limitation other than that in the original differential equation was
introduced by LamB which in the present treatment is represented by A (11). This
second approximation is shown by LAMB to be consistent with the first, but when the
attempt is made to deal with the unrestricted equations of motion it will be convenient
not to have the assumptions of A (11). The problem now solved analytically is otherwise
the same as that of Lams and applies to the circular cylinder only.

The solution already presented may be regarded as founded on the flow of fluid from
a doublet, typified by a quantity proportional to A and situated at the centre of the
cylinder.  In order to introduce generality into the problem this single doublet is
combined with a distributed set of doublets situated on the circular boundary. It will
be seen from A (10) that 2 is a cyclic function and from A (14) that a cyclic harmonic
function has been introduced to eliminate the cyclicity in A. It is therefore sometimes
convenient to use a function L defined by

L = 7\—-9/]67r, . . . . . . . . . . B(l)

which is acyclic and which appears to define the two-dimensional motion of a viscous
fluid, so far as that is defined by OsEEN’S equation, for points far from a cylinder of
any shape.

It is assumed that the Lagrangian stream function appropriate to this problem
may be expressed in the form

2 G, sin nM
EbM::ALOM‘i'J‘LEMdXE““?_L%{‘\l{“:L—,’ .- . . . B

where M is a point in the fluid and E a point lying on the circular boundary, with other
quantities as defined in fig. 1. A, Gy,...G, ..., are numerical constants, whilst y,

noeee

M
! EM

o

Fig |

is a function of the position. of E which determines the strength of the distributed
doublets.
When M is on the boundary

= U, OM.gin M,

o _ Usin M (n radially outwards).
anM
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From the definition of 2 and L given in A (6) and B (1) it will be found that - satisfies
the differential equation ‘
Wiy = TUV2oyfox . . . . . . . . . B(4)
for all values of A, G, and xg, and is therefore a general solution of OSEEN’S equation
to that extent. These constants and the function yz are to be chosen so that the
boundary conditions B (3) are satisfied. It needs little analysis to show that the
derivatives 0y,[0zy and oOv[oyu tend to zero as r tends to infinity, so that yy
automatically satisfies the desired boundary conditions there.

OM will be taken as unity since this simplification can be made without any sacrifice
of generality.

In dealing with the boundary conditions it is convenient to use differentials of v
with respect to displacement along and normal to the circle, and these are

oy _ 8LOM 0Ligy >

= g G +j s dyy+ EnGyeosnM, . . . . . B(5)
a aLOM aLEM _ kod ! . .

—lb—anM A= Sy +j————nM dxz ?nG,, simnM. . . . . . B(6)

xg being a function of E can be expressed in a FouRIER’s series, and it is assumed
that

dyn=2C,cos gqEdE, . . . . . . . . B(7)
1 >

the form being chosen from considerations of symmetry to be restricted to cosines
only. '

Using certain theorems in BEsSsEL functions it has been possible to convert B (5) and
B(6) into such form that linear simultaneous algebraic equations remain for the
determination of the various coefficients. The number of equations is infinite but the
terms converge rapidly and solution is not difficult.

The well-known FouriEr method is used to secure the elimination of G between
B (5) and B (6). Multiply in B (5) by cos M and in B (6) by sin »M ; add the resulting
equations and integrate with respect to M through 27. The result is to obtain

rr <§—\?— cos nM + o sin nM> dM = A rw (aL"M cos nM + aaL oM
0

sin nM) IM

0Ly 0Ly \ }
+j {K . cos nM+ oy 0 nM)de dM. B(8)

In the case of a circular cylinder the values of the derivatives with respect to s and n
are readily expressed in terms of those with respect to # and y and

2 —cos M2 —sin M2 |
08y a3/M Oy
B(9)
SO = cos M =—— +sin M J
anM axM Yum

VOL. CCXXIIL.—A. 3 G
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together with the relations given in A (6) and B (1) lead to integrable expressions. In
order to shorten the analysis, the process will be indicated in detail in the case of the
double integral of B (8) a case which, by simple modification, covers the single integral
associated with it.

From B (9) it follows that

0
cosnMaM+s1nnMaans1nn 1M5—;+ cos n— lMé—y-l\; . . B(10)

whilst from A (6) and A (9) are obtained the relations

_a_IJ_QM = }_e"xmu 0K, (¢ux) sin Ogu+ _1.@_9% , . . . . .B (11)
awM lg a EM ™ fEM
0Ly _ 1 oy, L gy 0Ky (Gem) _ 1 cos Oy B(12
e = K, (¢nm) - ° 3 un cos Opu . (12)

The geometry of fig. 1 shows, for M on the boundary and E > M, that

_gm  BaM | B
Opy = 32 + D) e e e e e e B(13)
Hence
T = OLup cos nM + =2 OLigw sin nM
aSM 8 oM .
1 T o g By g o BNy
=—e {Ko(f) cosvn 1M Y. cos — sm‘ nM— 85 sin 5 co8 nM
— _]16— (cos nM+sin nM cot E— M) B(14)
™ /
The half-angles can be avoided immediately by a change of variable. Since
K,(¢) = K, <2k gin E;M) ... ... .B@5)
it will be seen that k
| 0Ky o B=M _ 1 3K, (¢) )
85 2 - k' o(E-M)
and . . B(16)
oK, -'nE— _1 K (g)
£ 2 2 J

On page 74, of GrAY, MaTHEWS and MacRosert, Equation 59, an expansmn is
given for K, (¢) in the form

Ko(g)=Io(lc)Ko(k)+2p§Ip(lc)K,,(k)cosp(E——M), . . . B

and is valid as quoted, except that care is needed when E = M.
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By differentiation of B (17)

l aKo() — __1_0
PN Z chK sin p (E—M)
=~ 3K, (LT )sinp(E-M) . . . . B()
p:
and
3 aKak( ) = TR, + 3 {K (@, +T,,,) — }cosp(E M) . . B(19)
p:

where use has been made of the relation

KoL+ Kyl = B(20)

Bl

Inserting these relations B (14) becomes |

T=1 e [IOK0 cosn—1 M+ <——
T 2

k—IK>cosnM+2 cosn—1M 2 IK cos p (E—M)

+sinnM 2 K, (I, ,~1,,.) sin p (E—M)
p=1

—cos nM 3 {K,, (Lo + L) — }cosp (E— M)]
=1

—— (cos nM+sin nM cot

E—- M)
2k 2 '

B(21)

After a number of straightforward trigonometrical transformations it can be seen
that |

T = L oo { By +2 3 (,8p cos pE+ ,y, sin pE)}
27T p=1

- —%{cos nM +sin nM cotE ZM}' B (22)
where
,,,8,,‘= LK, (cosn—1—p M+cos n—1 +p M)
(2Ic -K,I,_ 1> cos n—p M+ <2k K,,I,M) cos m M, . . B(23)
= LK, (—sin mM+sm n—1+p M)

—Q% _K,I, 1> sin n—p M+ <2k _K I,,+1> snntpM. . . B(24)

Since the radius of the cylinder has been taken as unity the value of
Xpm Eay—ay s equal to cos M—cosE . . . . . B(25)

3 4 2
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and the exponential factor of B(22) is the product of a function of E and a function
of M. :

The next step is the integration of T with respect to yg using, for the latter quantity,
the FoURIER expansion which was postulated in B (7). The integral required is

[Tdxs = o ek fet oo {42 £ (18, 008 B+, sin pE)} d

sin nM E-M
iy jcot 5 dxg. . . . . . . . B(26)

Equation B(7) being dyg = pS C, cos gE dE it would be possible to integrate in
1
B (26) by the use of this expression and the standard theorems

rHMe“"c"SEcossEdE=27(—1)‘Is. . . . . . B(2n)
M
and
2m -+ M .
j ek gin BAR =0, . . . . . . . . . B(28)
M

It is, however, preferable to make a different assumption to B (7) and to write

e“"“"SEole:%aqcoqudE. .. . . . . . B(29)
0

Expanding the exponential function in BesseL functions and multiple cosines leads to
the relation
g#0  a,=3(=1)*C (L, +T_). . . . . . B(30)
and 1
ay = z‘:(_w Cl,

Multiplying both sides of B (29) by e***® and again expanding gives the reciprocal
relation ‘

C,=2a,I,+1_) . . . . . . . . B(s1)

It was pointed out at an earlier stage that C, was zero and hence from B (31) we must
have
0=3al, . . . . . . . . . . B(32)

Equation B (26) now becomes ’

=3 2w+ M o '
JT dys = 51; GheosM 2 a, L: {uBo+2 Z (,8p cos pE+,y, sin pE)} cos gE dE

® +M T d
SIEIZMEQ r" cot + B M {I,+2 2 I cos pE} cos gEdE, . B(33)
0

sin nM

k

"""S“Ea,nﬁq Za {L, sin gM + 2., 1, (smp+qM+ sin p—g M)},

B (34)
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where use has been made of the theorem

j:+Mco£E;M cos SEdE = —27xsinsM. . . . . . . B(35)
Using B (28) and B (29) to assist in thé integration it is readily found that

j:{jr dx;,} AM = 27 3 T, K, (s + i) + Kyl Kplgh + B(36)
The remaining terms of B (8) present little difficulty ; from B (14) we have

j {aLOM cos nM + —M OLiony M sin nM} dM

08y O
1 2m 1 2 v —
= ———-J' cos nMdM+—-j erM [K, cos n—1 M+K, cos nM} dM
kxJo x Jo

2RI +KL}, . . . . ... . BE
The remaining integral of B (8) is -

‘ j%{a‘/' cos nM + o sin nM} dM = j "U cos n—1 MdM
08y 0Ny «

= 0 except whenn =1
=27U whenn=1. . . . B(38)

The whole of equation B (8) now becomes

U(n - 1) ! A ®
== (KL +KL)+ Z I {K,(L__,+L_.,.,) +K, I _,+K, L.}
0 (n > 1) w 0 .

B(39)

When using B (39) for numerical calculation to determine g, it appeared the summation
covered values of which the greater part vanished in virtue of B (32). The equation
may therefore be usefully re-written as

Un=1)] .
) = - (KOIn—I+KIIn) + 2 anq {Kq (In—l—g+In—1+q) +Kq—lIn-—q+Kq+lIn+q
0(n>1) !

™
—2(K,L_,+K.IL)}. . . B(40)

For each value of n equation B (40) gives a linear relation between the coefficients
A, a5, 0y ...a,. It was assumed that a limited number of equations would suffice
for their determination and the results have left no doubt as to the adequacy of this
approximate method of solution,

A number of numerical applications have been made using the tables provided by

Gray, MataEWS and MacRoBERTS for the Bessel functions I, and K,. Throughout the
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calculations the radius of the cylinder has been taken as unity ; generalization is readily
obtained by the use of the principle of dynamical similarity.

The variable in problems on viscous fluid motion of cylinders which has the greatest
physical significance is Ud/y and in terms of our analysis, where d =2 and U =1
this quantity is equal to 4k.

TasLe 1.
k 0 0-05 0-2 1 2 3 5
C, 0 —0-047 | —0-18 | —1-00 —2:11 —3-19 —5-92
Cy oo * * —0-05 —0-28 —0-63 —1-33
Cy * —0-12 —0-36 —1-04
C, * —0-13 —0-58
Cs * —0-22
Cs | —0-10
A ® 0-8663 1-356 2-921 | 448 5-94 870
Resistance ® 17-33 6-78 2-92 2-94 1-98 1-74
Coefficient.
Ud/v 0 0-2 0-8 4 8 12 20

The convergence of xg as exhibited by the coefficients C, of Table I is very great for
small values of £, and is still satisfactorily rapid for values of £ which render it possible
to make a direct comparison with experiment where the smallest value of Ud/» reached
corresponds with k¥ = 3. The agreement with LamB’s form for small values of % is shown
by the vanishing of C, and the agreement of A with the value found by him.

3. Evaluation of u, v and +.

The integration already carried out for the circular cylinder when M is.on the boundary
can be extended to cover any general point. Hquation B (2) is

¢M=ALOM+jLEMole+2G,,Slgﬁl,}I,. oW

and by direct differentiation, remembering that

0 _ cos M —0— — sin M, o
Oy oOM OM oM
and R 01 )
0 _ sin M —2__ ) 4 cos M M o
OYnt 8OM OM M’
we get —
iy = 'a,f/i aLOM jaLEM At £ G, -m——”c‘gﬁ:}m . CB)
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and .
:iﬁvaaLOM jaLEMd nsmn+1M
Ty = axM amM aw XE— 2 G _—'———“‘OM”+1 .. . . C (4)

The functions 0Lgy/0yw, etc., are known from the general definition of A and L and the
only new step is the integration for y;. Equations C(3) and C (4) become

R <1 Li) [ e K, (KEM) dxy

OYu 2k oxy
~ L2 [log M dyy+ 36,2080 1M ()
Frr Oy J X oM+
and
aLOM a szM
12 nsinn+l M
e [ log KEM dyy— zG o - - C(6)

In both cases the values of the integrals

jemMKo (FEM) dys  and jlog FEM dyz

are required and it is desirable to estimate these separately. ;
Taking the radius of the cylinder as unity and using the notation ¢ = k. OM we have
as a general theorem in BESSEL functions

KO(kEM)=Io(k).Ko(;-“)+2p§311,,(k)K,,(g)cosp(E-—M),. N o1 (4)

and therefore

JekxEM K, (¥EM) dyzs = _\’GR%M—M%E {I, (k) K, (&) +2p%1' L, (k) K, (¢) cos p (E—M)} dxz
| C(8)

_ St jz””{xo (F) K, (&) +2 i‘il I, (k) K, (£) cos p E—M} cos gE dE
0 = .

= efcosM{27rwo (k) K, (&) + 2 a j: Ell,,(k) K, (£) cos p E—M cos quE},

and finally » :
Je"’m K, (kEM) dxg = 2mefes™ p aJ, (k) K, (¢)cosgM. . . . C(9)
Using the trigonometrical expansion
21 cosn E—M
log kX EM = log X OM — z oM
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leads to the evaluation of jlog kEM dyg, for

jlog KEM dyg = — 3L Jcos n E—M dyxg
1

1
“OM*
1
oM

v—ﬁMQ
S l*"‘ S 1=

M + 27 ———e
j e % cosn E—M X a,cos gEdE
. g=0

= cosnM =
= — .. 1
T nzl n OMN ? @ (I"+9+1""€) oo C ( O)

The relations so found lead to the essential elements of the component velocities u
and .

— = aLOM < __,_1____a_> £ cos M
u—AayM +4(1-577 ZaI (k)Kq(f)coqu

» cosn+ 1 M{ G —

st LM L= 1 2 0, (L4 1)) - oL )

_ 76 2=0
and

v=ALox 2 0 §°°SMZaI (k) K, (&) cos M
_gw{wﬂ_z $a (1n+q+1,,_q)}. L. 0(2)
qg=0

The differentiations present no difficulties. Changing to polar co-ordinates for part
of the integration gives v as

o M M
Yy = ALou+2¢ 2 a1, (k) {K,(¢) j ef** cos a cos qa da—K', (£) J e*°** cos qa dau}
0 0 0 '

= sin nM [ }
+§ n. OM* InG” kq O (In+q+In q) ce e 0(13)

and evaluation depends on the possibility of finding certain definite integrals. For the
case in which ¢ = 0 both may be evaluated by a method given in an Appendix to this
paper. It will be shown shortly that a recurrence formula can be developed which makes
computation for ¢ > 0 depend on the integrals already dealt with. Before doing this,
however, it should be noted that all are cyclic, although this property does not apply
to the sum involved in v,. This may be seen as follows: the cyclic terms in yy
are

25M % aflq (k) {Kq ’(Iq+l+Iq—l) —2K’qu}
= 2€M % anq (k) {Kq (Iq+1 +Iq~1) + (Kq+1+Kq—-l) Iq} o C (14)

=4MZal,(K)=0 . . . . . . . . . . .. C@5
0
The relationship A
LK +1.K, = é

has here been used to convert C(14) to C(15) whilst the sum is zero by B (32).
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It is advantageous to work with acyclic functions, and it is therefore suggested that a
new function be defined as

M
szjo ¢ cos pada—MI, (8),. . . . . . . C(16)

from which we obtain the relationship

M —_— e
Tpi1—Tpo1 = jo e (cos p+1a—cos p—1a)da—M (Tper—=1,4)

M £cosa o : 227
= —2| e° s1nas1npocda+M?Ip
.o

M M
[eé'cosasinpa} __Q_Bj e£cosacospa da-}-Mg]‘)Ip
0 & Jo 3

{efoMgin pM—prp}. . . . . . . . . . . . C@an)

MO | b

7o and +; may he found by methods described in the Appendix for both large and
small values of ¢; equation C(17) then gives the rest of the functions necessary for the
evaluation of . ‘

In order to complete the solution for v it is convenient to find G, from C(13), by
using the known boundary value of oy, /oM.

Since
M
kL (¢, M) = --M+gj e (K (8) cos a—K/y () dew, . . . C(18)
0
we have
o _ A AL tesu _K
8M - k71' + k71' 9 {KO ('f) cos M K 0 (S)}
+2gefeosM > a,l, (k) cos gM {K, (¢) cos M—K’, ()}
0
o M 1 »
+ g oosnll {nGn— t 3, (In+q+1,,_g)}. . C(19)

When ¢ = k, the value of g—\l\k’f is U cos M, and by the use of SONINE'S expansion for

et oM the values of G, may be found from C(19).

4. Calculation of Resistance.

The formulee for component pressures as deduced by STokES can be found in LaMB’s
¢ Hydrodynamics,” p. 570, of which the two relevant to the present problem are

Doz = —p+2/"%§
ov |, ou
pzy—/J/(%-f‘_a‘%;). e e e e e e, D(l)

VOL., COXXIIL—A. 3 H
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The force on the element of surface at M, fig. 2, in the direction of the axis of & is pro-

Y

Fic.2

duced by the pressure p,, over the vertical facet and the shear stress p,, on the horizontal
facet. The resistance per unit length of the cylinder is

R=jz"pucostM+f’pwsinMdM,. ... DE

o a au
_JO {-—-pCOSM+2,U.a——COSM+,uSIHM<am a?)}dM .. D(3)

This expression can be simplified by making use of the boundary conditions, for on the
surface of the cylinder u is constant and v zero.

Hence

ou ou ou

g_o—cosMé};-—smMa ) D (4)
and

v ov ov

PR O—cosM—az/—-m Maw . DX €3
and from these it follows that

cost M & 4 sin? Ma——smMcosM< 81)). . . . . Dqs)
oy 0 8y

The term on the right-hand side of D (6) is zero by virtue of the equatibn of éontinuity,

and therefore

cosz‘Ma +s1n2M@=0.. . . . . . . . DM
oy ox

Since { = 0vfdx—oufdy by definition, it can be seen that ov/dx and du/dy can be
obtained in terms of { and M by use of D (4) and D (7) to get

ufoy = —¢sin® M, 4
oufdx = —¢sin M cos M. ‘

D(s)
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From D (8) and the equation for ¢ it will be found that D (8) reduces to
2 r . .
R = Mj i—ﬂcosM-{smM}dM. .. ... DO
0 s

The value of ¢ is readily found from that of y by differentiation, but it remains that
p is still to be found from the equations of motion.

In the form consistent with OSEEN’S approximation the equations containing p
are™®

é’i‘_—_a_ﬁ_ §£
pUa = 5 ,u.a, e e e .D(lO)
”_a'v___@}z Qg

F ) +,u.a e . D(11)

and the solution to this point has been obtained from a combination of D (10) and D (11)
in which p does not appear. Differentiation of D (10) with respect to « and of D (11)
with respect to y leads by addition, and the use of the equation of continuity to

V(p)=0, . . . . . . . . . .D@g

and p is a harmonic function. Equations D (10) and D (11) may be re-written as

d d v
ik =g (U0 |

ox
and o D T § )
P _ 9 _ U J

From D (13) it is seen that p is the conjugate harmonic function to u{—pUv.  Since
the boundary value of the latter is known the methods of an earlier papert indicate
a method of finding p. It is, however, more simple and direct to use the solution found
to substitute for v and ¢, and then integrate to find p.

From the equation

\k}[ = ALom+ j‘LEM d\bE-i' ? G;L(S)%Tn"‘M 5. . D (14)
the value of the molecular rotation is found b}; differentiation as
vzl‘bM = §M = A.V2L0M+ jszLEM de . . . . . . D (15)

By use of the expressions for o\/dx and 9A[dy given by A (6) and the relation between
L and », D (15), becomes

=22 {Ae"’mKo (KOM) + [ef=nK, (KEM) dXE}. ... . D@6
™ ayM
* Lawms, ¢ Hydrodynamics,” p. 573.
+ ‘ Roy. Soc. Proc.,” A, vol. 95 (1919).

3 H 2


http://rsta.royalsocietypublishing.org/

\

) N

A
A \

A

THE ROYAL
SOCIETY

PHILOSOPHICAL
TRANSACTIONS
OF

)

a
fa \
A A

y i
Y 4

THE ROYAL
SOCIETY

PHILOSOPHICAL
TRANSACTIONS
OF

Downloaded from rsta.royalsocietypublishing.org

402 MR. L. BAIRSTOW, MISS B. M. CAVE, AND MISS E. D. LANG ON

Since U/y = 2k, equation D (13) may be written as |

10p _ g Py, 0

mox ox 8y 82/
= —op Ok L 2 {Ae”” <K, (KOM) + ok, BEMD) dyit . D7)
ox ay ™ 8 7 J

The differential equation satisfied by the terms in curly brackets makes it possible to
substitute for the operator 02/0y? in terms of differentials with respect to z and D (17)
becomes

g v
wox Bag oy
+ﬁ4-7f<1 1 a> 8 {A K, (KOM) + [, (KEM) dxﬂ}. . D(s)
T 2/{: ox

This obviously admits of integration with respect to z leaving
—P = F(y)—2k o
2 fy) -k

4 1 0 : '
+ f(1~§%}){Ae@amKo(k0M)+ [, ) dXE}, . D(19)

Dealing with D (13) in the same way leads to a second value for p/u which contains an
arbitrary function of x instead of f(y). By comparison of the forms it appears that
S (y) is an absolute constant. Reference to the resistance-formula D (9) shows that
such a term adds nothing to the integral and we may therefore write f (y) = 0.

Using the differential forms for A, changes may be made in D (19) and D (16) for
then

BN N
—P — oy ok A GrN pop | Pevg . . D(20
d u u+ ay]\[ J‘ayM XL ( )
an
¢ = 2kA%’;C°“+2lcjaM‘fd o - . . . . . D(1)
M

and using these in D (9) it is found that

R = ',u r"% {A <a>‘°M cos M— Rox ¢ sin M) K?—ﬁ—“@ cos M — My sin M) dXE} dM

Y Oy Yt 0%y
= 2@] {A a>‘C"‘E+Ja7‘m‘ol T 0 X 6329
0Sy

Since dsy = dM, D (22) is easily integrated to give

M
R:Qkﬂ[AKOM—{—jAEdeEJO.. .. . . . . D(23)
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Now Aoy 18 cyclic and changes b L . 27, 1.e., by 2/k, as a result of integration. If
y ges by — y g

Aex be regarded as the limit when M approaches the boundary from outside then its
cyclic change is also 2/k and the integral with respect to xy is zero. Hence the resis-
tance formula takes the simple form

R=4uA. . . . . . . . . . . D (24)
In terms of velocity, ete., as given by B (39), when C, = 0,
4ruU |
R=o=e—, 0 0 0 0 0 0
RI+KI’ D (25)

and is the value for LaMB’s approximation ; the form is in some respects preferable
to A (18).

Generalisation of the Resistance Calculation to cover Cylinders of which the Radius vs

not Unaty.
The principles of dynamical similarity can be used to generalise D(24), for they show
that
Rd__ p,(Ud
W”F<y>" .. . . . . . . D(26)

where d is the diameter of the cylinder and F is an undefined function ; D(24) can be
written as

_ 2 Y A -
_ R = 4pU T U . D(ar)
Now »/U = 1/2k, and hence
—,Un2.A
R =,U T D (28)
1s the expression found by the present calculations when d = 2.
If in D (26) we put d = 2, and rearrange the terms it is found that
R=p0%2F(2U0), . . . . . . . . D(29)
which shows that
F-Ll.4 D (30)
kU

In aeronautics I is known as a “ drag coefficient ” and values are obtained experi-
mentally.

5. Comparison of Caleulated and Observed Resistances on a Curcular Cylinder.

A very complete series of observations of the resistance of wires has been made by
E. F. ReLr* at the National Physical Laboratory using a wind channel of the type
developed for aeronautical experiments. The results are plotted by him in a form

* Loc. cit. (supra p. 385).
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suggested by the law of dynamical similarity, but in themselves constitute a strong
argument for its validity. All the experiments were made in air under atmospheric
conditions so that » was not subject to appreciable change ; on the other hand, large
variations were made in the velocity of the wind and in the diameter of the wires used.
The range of Ud/y was from about 10 at one end to 20,000 at the other, representing
respectively tests on cylinders 0-002 in. diameter at 10 ft./sec. and 1-25 ins. diameter
at 50 ft./sec. More than 100 observations distributed over the range give a definite
resistance coefficient for the cylinder at any value of Ud/y within the range covered,
‘and from the smooth curve through the observations have been read the values in
Table II below.

TasLe II.
Resistance coefficient Resistance
IOg]O ’[%é- — lOg mUT-d,» coefficient
Calculated. Observed. observed.
1'4 14-8 J— 929 0-66
s 10-7 — 2-4 0-65
I8 79 — 2-6 0-60
0 6-0 — 2-8 0-55
0-2 4-65 — 3.0 0-51
0-4 365 —
0-6 2-95 — 3.9 0-48
0-8 2-44 —_— 3.4 0-48
1-0 209 1-60 3-6 0-59
3-8 0-55
1-2 1-85 1-95
1-4 1-67 0-98 40 0-57
1-6 — 0-80
1-8 - 0-73 42 0-59
2-0 - 0-68 4-4 0-60

Resistance coefficient = resistance per unit length/pU?d, where p is the density of the ﬂuid, U the
relative velocity, and d the diameter of the cylinder. It is a quantity of no dimensions and

therefore independent of the system of units used.

Only a small range of overlapping occurs between the calculated and observed values

and for logloU——d =1-0, 1-2 and 1-4, the calculation gives values 31 per cent., 48
14

per cent. and 60 per cent. greater than those observed. It is, however, apparent that
little error would be incurred in the estimation of resistance coefficient were the cal-
culated and observed curves joined, as shown by the dotted line of fig. 3. For very
small values of Ud/v the formula for resistance coefficient is

Rd ‘ T
S AR WL ®TEy o Pe
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where . Ud (
k=122, D (32)
v
20—
15—
] FiG. 3.
10 —
7] CAL;CULATED
- Rd _—
1 puar
1 ResiSTANCE
5— CO-EFFICIENT
. N /OBSERVED . |
0-a|tlLi|||J|||I||||lJL|llrL
-1 (@) | 109,0 ud 2 3 4

There would be little difficulty in extendmg the calculations to larger values of £,
and for the purposes of extension of mathematical method to the more complete
differential equation such solution might be a useful starting point. For the moment -
it would appear that the maximum use has been made of OSEEN’S approximation to
the equations of viscous fluid motion as applied to this particular case. ’

" A point of interest arises in connection with the departures between calculation and
observation in the range k = 1 to k = 5; it does not appear to be probable that the
method of solution leaves any sensible error between the statement of the problem
and the answer and the difference must then be sought in the premises. There is, of
course, a limit to the accuracy of the observations, but it is not thought that any errors
there are of present interest. In forming the equations of motion with the Oseen
limitation, only part of the inertia terms have been included, and these lead to a steady
motion, so far as can be seen, without limitation on Ud/y. On the other hand the real
motion of a viscous fluid round a circular cylinder becomes periodic for large values of
Ud/v. The followmg summary of a further paper by ReLr* gives mformamon on
this point :—

% “The Singing of Circular and Stream-line. Wires.” By E. F. Rerr, A.R.C. Sc., and E. Owgs, B.Se.,
A.C.G.I Rpt., T. 1570, Aeronautical Research Committee, March, 1921. :
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“ By means of visual observation of the eddies behind wires in water, and
aural observations of the frequency of the musical note emitted when the wires
were moved through air, it has been established that the singing note heard from
circular wires and yawed stream-line wires has the same frequency as that of the
periodic eddies produced behind the wire.”

The observations indicate types of motion in which the effects of inertia become
increasingly important as Ud/v increases. Beginning with very small values, the
stage of steady motion persists until Ud/y is about 100 (k = 25). Periodic motion
then develops which is markedly dependent on Ud/y until a value of 500 is exceeded.
The appropriate variable on the basis of dynamical similarity is ~d/U where ~ is the
frequency of the eddies. From Ud/» = 500 and upwards, the changes in ~d/U are of
the order of errors of observation only, and taken in conjunction with the curve
for resistance coeflicient, the observations on singing indicate a fairly permanent
régime for large value of Ud/y.

Using the experiments as a guide it is proposed to attempt further progress by
replacing the inertia terms at present omitted from the differential equation and solving
for the steady motion indicated for values of % less than 25. The examination of
periodic motion presents further difficulties as it probably involves examination of the
stability of steady motion. It may be that the decreasing convergency shown by
our present solution as & increases is a preliminary indication of the critical nature of the
steady motion.

5

6. The Resistance of a Flat Plate along the Stream (Skin Friction).

The problem of finding the motion of fluid about a plane in the direction of the
undisturbed stream admits of solution by a variation of method ; it is in fact a somewhat
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simpler problem than that of the circular cylinder. It is convenient to regard the
problem as one in which the fluid is at rest at infinity and
the plate is then moving in its own plane. Fig 5

The plate is taken as lying in the plane zoz and of !
infinite length in the direction of the z axis. The origin
of co-ordinates is taken at the leading edge of the plane.
From experience with the previous example on the circular = 2 =
cylinder, we assume that 0 Y A X
Vo = ALOM+jLEMdXE+HM ... EM

is an appropriate expression for the stream function. In this formula A is a constant,
L is a function already defined, xy represents a distribution of sources on the plate,
whilst Hy is a harmonic function which vanishes at infinity. On the plate the fluid
must be moving with the plate and the boundary conditions are

_a-lb—:U, —a—Y—-O,........E(Z)

a?/m b 0%y, B

where —U is the uniform velocity of the plate in its own plane.
From considerations of symmetry, it is clear that 1y = 0 all along the axis of © and
since Loy and Ly are then zero, it follows that Hy = 0 on the boundary; since Hy,

also vanishes at infinity it must be zero everywhere. The condition that a%f— == 0
My

is then automatically satisfied for all values of A and xs.

From the definitions for L given earlier and reproduced in slightly different form
below it appears that 0Low/Oyw becomes infinite when OM =0, and since infinite
velocities are not admissible it follows that A must be zero. The problem may now
be stated more precisely as follows :—

In terms of the polar co-ordinates, r, 8, and the Cartesian co-ordinates z, i the function
L. and its first derivatives are given by

0
akls = kr K, (kr) JO {etreose cos a—1, (kr)} doutkr K, (k) J {efreose T (kr)tde, . E(3)
0 0

e = kg { Ky (kbr) +logkr}, . . . . . . . . . (4)
oL _2 L0 log kr} E(5
ay—we K, (kr) = 890{6 K, (kr) +log kry. . . . . (5)

K,, and I, are the regular Bessel functions tabulated under that head in the ¢ Treatise
on Bessel Functions,” by Gray, MataEWS and MACROBERT.
VOL. CCXXIIL.—A. 31
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The stream function
'S[fM = jLEM CZXE . . e e e . e e E(S)

satisfies the equation of motion of a viscous fluid in the form

i, = UL 28 gy 00

v 8:1:11 - 89031 ’

which has been proposed by OskEN as appropriate to low velocities and an infinite
expanse of fluid. ¢ is the molecular rotation defined by

M = Va"lPM. . . . . . . . . . . E(B)

The solution is completed if y; can be found such that

L R o1 ()
0Ymls

or by substitution from E (6) if yg can be determined to satisfy the equation

: ol
U=j—“dE1o
a?/M XE ( )
when M is a point on the plane. In this case, » = EM is the difference xy ~ xy, and
8I‘EM

Ym
we take xy; as being a function of kwy, an assumption which is, of course, quite general,

equation K (10) may be re-written

an examination of E (5) will show that is a function of k(xy—wxy) only. If

2 .
U=| %ﬂx’(kxE)kde, A o1¢5))
- 0 OYm
or writing g&; for kxzy
) 2k aL |
U=| 2V (g)dgs, . . . . . . . . EQ
J, S () dé F(12)
where %—1‘5 is a function of & — &, a difference which it will be convenient to denote
M

by w.  Equation E (12) then contains £ explicitly only in the upper limit of the
integral. Substitute for the -%lﬂW of E (12) its value as deduced from K (5) to get

Yu

U 2k ) )
U {7 oK, ) —%%{(ewKo (10) +4 log w“’)} (&) des . . E(13)

by 19 /., ) al
—_——-L 16K0—§5®;(6’K0+§logw)Jx(fn)dw .. . E@g)

It ¥’ (&) is everywhere finite, a solution of I (14) can be obtained approximately
by assuming that x' (&) is constant between arbitrarily chosen values of g, as was
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indicated in an earlier paper. The method appears to be well known in the solution
of integral equations. Between the limits & = 0 and & = a let the value of ¥’ (&)
be assumed to be sy, between & = a and & = b let ' (&) be Swv and so on, then
E (14) becomes

U v, M7 e, —1 2 (Kot 3 2} )
5 = S LM~G {e K,—1% aw(e Ko+ log w*)rdw. . . . E(15)
The integration required by E (15) presents no special difficulty and it will be found
that .

'"2U — s, e (Kot K)) 3 Kotk log w9 . . . E(16)
For any one value of g&; the numerical coefficients of s, ete., can readily be computed
from E (16) giving an equation of the type

- g = ,3180“4-,328“,, .o :8718272' . . . . . . . E (]7)

By taking n values of g it is clear that a system of simultaneous equations may be
built up which will suffice for the determination of the value of s, etc. The choice
of the intervals ab is of some importance, and the best armngemen‘t is often not found
until after one or more preliminary solutions.

Solution when k = 1.—The width of the plate has been taken as 2, corresponding
with a diameter of 2 for the circular cylinder. It has been shown in reference to the
earlier problem that the essential variable on the principles of dynamical similarity is

Ux OA

the ratio

e., 2k OA.  Variations in the motion can, in consequence of

this knowledge be represented by variations of k and in the case where OA = 2 we

have
UxOA

14

=4k.. . . . . . . . . .E@s)

The values for &; which were chosen in forming equations of the type shown in E (17)

were
0,0-1,0-2, 06, 1-4,1+8,1-9,2-0,. . . . . . E(19)

whilst the corresponding sections of x5, and the values of that quantity itself are indicated
in the following table :—

TasLe III.
Ene - xz/U. r. - xe/U.
0-0 0-0 1-70 1-285
0-02 0-185 190 1-393
0-10 0-320 1-98 1:453
0:30 0-533 2-00 1:527
1-00 0-967

312
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Since k == 1 it follows that & — Zy in this instance. From the values tabulated —y;/U
has been plotted in fig. 6, where the angular points are marked on the upper curve by
dots. In addition to the polygon the figure shows a smooth curve going through the
points, which would give an adequate representation of yy: It is, of course, necessary
that equation It (10) be satisfied for all values of M and not merely at a number of isolated
points, and the possibility of drawing a continuous curve devoid of rapid reversals
of slope has come to be recognised by us as an essential element of a satisfactory solution
on the lines now attempted.

5

k= 10,000
oo™ oF TRUE ScaLE

DisTANCE FROM CENTRE OF PLANE

) L 1 ! ] led 4 ! | i ] b 1 L ! ! 1

- 1-0 ~-0-5 E 0 0-5 10

The indication given by this solution that y/y becomes infinite at the edges of the
plate had not been anticipated, nor does lack of recognition of this fact appear to have
led to appreciable error in the case where k was equal to unity. On the other hand,
the attempted extension to k == 10,000 led to difficulties on this account, which will
now be dealt with. The result of proceeding as for £ = 1, with xy equal to

0, 0.5, 0-10, 0+3, 0+6, 10, 14, 2:0,. . . . . . KE(20)

is shown by the dotted curve of fig. 6, whilst the smooth curve which satisfied equation
E (10) to a sufficient degree of approximation is also shown. In the course of several
variations in the choice of angular points and of values of & it was found that the
form of the curve for x; was not uncertain except near the leading edge of the plate,
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and in particular the total interval in g between the front edge and the trailing edge
was remarkably constant. Of the four specific cases attempted the variation from
O to A did not exceed 0-5 per cent. It will be found later that the whole change in
xu 18 the only quantity involved in the estimation of the resistance of the plate. For
the estimation of resistance it appears that errors of the type shown in fig. 6 are un-
important. In order to complete the analysis, however, it is necessary to consider
what variation of method is required to deal with infinite values of xz. It is clear
that near the ends O and A no assumption of finite slope can suffice, but it is not equally
clear what change can be made to deal with the section beginning at O and with that
ending at A.

In looking for the law of variation of xy in the neighbourhood of the edges of the
plate it was noted that it depended primarily on the existence of the singularity in
0Ly

this quantity being infinite when E is at M. The singularity may be isolated

JM

by re-writing equation T (13) as

U rzk
2

2%
(1-3 2 ) (Kot log w) X dén—3 [ log wrndén. . B(21)
) 0 .

Since y/p is infinite when g&; = 0, whilst yy is finite, it follows that 'y tends to infinity
in the same way as ¢? where p < 1. '
Re-write equation K (21) as

2k
T (&w) =~ Z‘Qg + J (1 ~% 5%) (¢*Ko+3 log w?) X'e din

0
2% dar
—% _L log w'x'n dén = L log (éu—&e) X' (&) dén. . . . E(22)

T (¢w) is finite and has a finite first differential coefficient. We are particularly interested
in the nature of the variation of T (&) when & is small. By simple transformations
equation E (22) can be given the form

T () = log én {x () —x (0)} + | log (1-8) X (6 ) & ds. . - E(23)

Now the integral -
JJJog (1=) ¢ (@us) s == i g/lea) = L. . L B(2)
‘and since x' (&ws) < $ as indicated earlier it follows that the integral of equation

E (23) represents a finite function of ¢y which tends to zero as g tends to zero. At
the same limit it will not generally be the case that T (&) will vanish and {from E (23)
we then deduce the relation

X(fM)*x(0)=l—§£. U E(2)
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To incorporate this deduction into the method of solution one may proceed as before
until equation E (14) is reached and then take account of the fact that yz = B/log éx
C
IOg (2k — SM)
regarded as undetermined multipliers to be found subsequently. HKquation K (16)

will then become

when & is small, and xy, = when & is nearly equal to 2k, B and C being

2—a Ey b
T;J = — 2 8, [wew (Ko +Ky) =% (Ko +4 log w?)l

a 0
+B jo {ewKO__-—% e (ewK() ’{"% log w )¥ 82“], <10g]: fh> ép

[ oKt Rt log w)) afE<1og(2k 5)) & - E(26)

where « is some small quantity arbitrarily chosen. The integrals of E (26) are not
determinable so simply as those of E (15) but numerical evaluation does not present
any formidable difficulties. Equation 1 (17) would follow as before except that two
new constants B and C have been introduced instead of 3; and 8,.

The full curve of fig. 6 for £ = 10,000 was completed in the neighbourhood of the
leading edge of the plate by a process of trial and error which proved to be rapid and
effective.

Incidentally, the process indicated a connection between the values of yy for different
values of k& when [ is large. The function dLyy/0yy varies very rapidly in the neigh-
bourhood of M and tends to zero as EM gets numerically great. The function however
decreases much more rapidly when E is to the right of M than when to the left. "When
k is large—much less than 10,000-—the value of the integral of E (12) is not sensibly
dependent on the upper limit until & is nearly equal to 2k. From this it follows that
x' (¢s) is sensibly independent of k& from the leading edge to near the trailing edge so
long as k is large. We may, therefore, deduce the value of yg in the front half of a
plate when k = 20,000 from that when £ = 10,000 and so on.

It follows from such considerations that the change of x5 from the front to the back
of the plate will increase with % but less rapidly than in proportion to £. When the
resistance is estimated in a later section it will be found that this deduction leads to
the conclusion that the resistance coefficient of a flat plate along the stream tends to
decrease progressively as k increases, but not so rapidly as 1/k.

The Re.éz'stance of the Plate.

Since the plate is flat and in the plane @oz the resistance formula is simply written
down as

2/ 5%\ )
R=_2Mjo<ay\n;)y=odxm,. S F(1)
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the number 2 taking account of the two sides of the plate. The evaluation of this
integral needs some little care on account of singularities in the differential coefficients
of L. In terms of x; as may be seen from E (6)

R= 2 {jaLE“dXL}dxM. LT

By direct differentiation of E (5) the value of a;?I;E;“ is found to be zero except when
M
EM is vanishingly small and there becomes infinite.

From the differential expressions for L it will be found that

82LEM OL}«M__ 2 8 "‘EM
Ty fom o 2D g, (REM), . L F(3)
—opl 2 9y pmM, L. . . F(4)

Oy ™ ayM

A A S 1 ()

amM ™ 87‘M

Equation F (2) now becomes, by change of order of integration,

R= -2 j{j:<__ 0Ly -I—Z]c aLEM 2 aeE‘\1>

amM 8%\{ /o axM

olxM}dXE,, .. F(6)

y=0
and F (6) admits of integration with respect to xy.

2 \
All along the axis of x, Ly is zero, and hence its two derivatives <%OIC—’E—}) and
M /y=0

@L“—“) vanish, including the values at the origin.
axl\{ y=0
Except when M is at E, %ZEM is zero, but with M to the right of E the value of
: M

Oy 18 zero, whilst when M is to the left of E, 6uy = =. The integral with respect to
ay 18 then seen to be

R=—~4,uj‘dxp;, e e e e e e F(7)

e S 0 )

An interesting fact can be deduced from the comparison of the resistance of the flat
plate and cylinder, since it will be found that the resistance in each case is the same when
the flow at infinity is the same.

The stream function for the flat plate being

EbM = jLEM dXE . . . . ., . . . . . F (9)

expand Lyy by TAYLOR’S theorem to get

0Lown oLy o
+ oy
I (me 9001\[) amM

Yu = HLOM+ (yLM_yOM) } dxe. . . F(10)
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At infinity the derivatives of Lyy are zero and hence
(). = Low [ dxs = Tow (o=x)- - - - -« . F(11)

In the case of the cylinder the resistance was —4pA and by the same process as is now
followed the flow at infinity is
Aloy . . . . . . . . . . . F(2)
and the theorem as to resistance and flow at infinity then follows.
The molecular rotation {—Since '

§DI = VQ\bM = ‘. VM2I‘EM dXE . . . . . . s . F (1 3)

Y

it follows that {; may be obtained by differentiation from results already obtained.
For some purposes it'is convenient to transform equation I (13) by using the expression
obtained from E (5) and E (6) that

2 0 k \ oL, 2 0
V(L) =22 AT I T
(L) - aye K, (kr) = 2k 5% 73y log kr, F(14).
for it then follows that
G = 270’0M-—g—j~—a—— loghkrdys . . . . . . . F(15)
™ ayM
ol 2 0Bex )
= Z/CUM WJ a,’ZIM dXE
JIY’ y 2 aGEM
= Zkln'lr WJ o de
S [9XE g9, F(16)
M ﬂj axE M. s . . . B . . .

On the plate itself vy is zero whilst dfgy is zero except when E passes M when there is
an instantaneous change of —m.
Hence on the upper surface

o

The pressure p.—From the formula G (13) for the general case of a cylinder of any
form it is readily deduced that for the flat plate, where A = 0

—plp = 2hu-+ 2k | R g

Yy
oL, 1 06y 2 (00
= 2y zkj(ﬂ ___L_M> . 2 [90ex
]C/Z * a?/M + k’n’ ayM CZXL o a?/m aXE
_ 2(0log ke, 2 [Oxm, -
- WJ 02y dXEﬂ;jaxEdElogkm <o F(19)
or .
ple="t{adalog BEM. . . . . F(w)
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From the values of xy already found values of { and p can be calculated from F (17)
and F (19). Both functions become infinite at the edges of the plate, and this property
appears to arise directly from the assumption of a plate of zero thickness. Reference
to the formula given by Lams for a small cylinder will show that p tends to become
infinite as the diameter of the cylinder tends to zero. It may then be concluded that
the assumption of incompressibility made at the outset of our calculations is not jus-
tified at the leading and trailing edges of an infinitely thin plate, at least in conjunction
with OSEEN’s approximation. The region affected by this new consideration is probably
very limited in area, and it may be expected that with this exception the solution is
satisfactory. '

Resistance coefficient.—If d be the width of the plate, then it may be shown, as for
the cylinder, that the resistance coefficient ’

kDE Rd —]’:'[“:Xa

Xo ¢
oz o oo o F(20)

U
In numerical value the present calculations lead to

kp = 1+527 when k=1, b
and ' }

| F(21)
p = 0-01164 when & = 10,000,

whilst it has already been mentioned that %y is falling as k increases but less rapidly
than 1/k.

7. Comparison of Caleulated and Observed Resistances.

It is not possible to make an accurate comparison with experiment for the reason
that observation has not been extended to cover two-dimensional flow. Experiments
were made by FrRouDE on the resistance of boards towed through water, but the greatest
dimension was in the direction of motion, whilst the dimension across the stream was
much smaller. In air ZauMm made similar experiments, and StanToN has shown that
both sets are in general agreement. The resistance coefficient does in fact fall continu-
ously with increase in k.  The values of %k are much greater than the 10,000 used in
our present calculations.

For the purposes of comparison, use will be made of a special experiment by STANTON.*
The plate was thin, 18 ins. long in the direction of the stream and 3 ins. across it, so
that two-dimensional flow cannot be assumed to a high degree of approximation. The
surface was ground flat, and the leading and back edges were bevelled off to a knife-edge
on one side, so that the eddy-making at these edges should be a minimum. Attempts
were made to determine the intensity of the skin friction, for which part of the method
seems particularly suitable, but the flow was found to be unsymmetrical on the two
sides of the plate and further experiment was deferred. There is evidence of the

* Advisory Committee for Aeronautics, R. and M., No. 631, February, 1919.
YOL. CCXXIIL.—A. 3 K
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existence of a small eddy from the leading edge of the plate in a reversal of the pressure
measured. The observations made show quite clearly that the changes of pressure
at the leading edge are extremely great, but were not sufficient to determine values
very close to the knife-edge.

For the present purpose it is proposed only that comparison between observation
and calculation be made on the resistance coefficients. STanTON states that the
resistance of the plate was 1,160 dynes at a wind speed of 30 feet per second and 3,470
dynes at 50 ft. per second. The value of the kinematic viscosity would be 0-000159
sq. ft. per second, whilst the density was 0-00237 slugs per cubm ft.

From these observations may be deduced the results

F(22)

and

ky = 0-0033 when k= 70,000
kp = 0-0035 when £ = 120,000

as found by direct measurement. The values of kp are rather less than one-third of
that calculated for £ = 10,000, whilst the average value of & in the experiment is roughly
ten times as great as that in the calculation.

In view of the uncertainties of the comparison it has not been thought profitable
to pursue the calculations further, but it is clear that the resistance coefficient observed
can be predicted approximately by the methods of calculation here followed. It may
be that, apart from the small eddy due to lack of symmetry, the motion of a real fluid
over a flat plate is steady for the values of & reached in experiment.

8. Solution for a Cylinder of any Section.

From the particular solutions obtained in the cases of the circular cylinder and the
flat plate it appears probable that the stream function in the general case can be
expressed in the form

«,bM=ALOM+JLEMdXE+HM,. T e 6)

where Hy is a solution of LAPLACE’S equation which vanishes at infinity.

The solution of equations of the type shown by G (1) was required in our earlier work,
and an account of the processes followed is given on pp. 397-409, ‘ Roy. Soc. Proc.,’
A, vol. 100, 1922. The present procedure is a further application of the same idea.

In fig. 7 the closed curve represents the section of the cylinder and is arbitrary ; i
may for example represent the section of an aeroplane wing or strut. F is a pomt
lying on this boundary and M a point in the viscous fluid ; its position relative to F is
defined by the polar co-ordinates FM and 0py. In applying GreeN’s theorem it is
essential to specify the direction of the normal to the boundary, and this also is shown
in fig. 7.


http://rsta.royalsocietypublishing.org/

A

A A

THE ROYAL A
SOCIETY

PHILOSOPHICAL
TRANSACTIONS
OF

A \
I

A A

THE ROYAL A
SOCIETY

PHILOSOPHICAL
TRANSACTIONS
OF

Downloaded from rsta.royalsocietypublishing.org

THE RESISTANCE OF A CYLINDER MOVING IN A VISCOUS FLUID. 417

With these definitions the appropriate form of GREEN’S theorem shows that

92 Hy = —j

circuit

HFdGFM—kJa—I;L—I—FlogFMdsF,. R T0S.
F .

and there is no restriction on the expanse of fluid since H vanishes at infinity. Applying
((2) to G (1) shows that

2w <\bM_ALOM'— JLEM dXE> = - [ reuit, <\PF “'"AIJOF_ J LEF dXE> deFM

L] (2 _A@J:@_jiff dyu) log FM dse, . G (3)

\aﬂF anF ¢ /

and G(3) is an integral equation for x; in terms of the boundary conditions. The

NORMAL

AT F M

M
FIXED DATU
D'RECT'ON

latter may be expressed simply, in the case of zero slipping at the boundary. An axis
of x is taken parallel to the direction of motion of the cylinder and then

(Yl = Ulyor)py - - - - -« « . . . G(4)

where the agreement also extends to the first derivatives with respect to # and y. The
choice of the origin O is arbitrary on theoretical grounds, but when integrals are being
evaluated by graphical methods, a suitable location may save labour in working to
a given degree of accuracy.

With M on the boundary the only unknown in G (3) is xz. Re-arrange the equation
as

tangent

7 (Yru— ALox) + J‘

tangent

’

= [(#Lasct | Lur dbpu— | 252 log FM diy ) dys, . G (9)

tangent 8

and re-write the equation as

Wy = j YEM dXE; TS G (6)

where it should be noted, @y and Yy are completely defined functions of the positions
of the two boundary points E and M.
3 K 2
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The approximate method of solution followed for the flat plate can be applied to G (6).
Divide the perimeter of the section of the cylinder into parts, not necessarily of equal
size, and in each interval assume constancy for g—;‘f The number of parts ¢ which is
satisfactory will depend on the complexity of the problem and the degree of accuracy
required. Let the various values of g-fi— be denoted by C;, C,...C, and let a
particular position of M be indicated by “ A.” Equation G(6) becomes

wa=oljYEadsE+02jYEadsE...o,jYE,,ost,. N e X (0!
1 2 17

the suffixes to the integrals representing a limit in the range of s which corresponds
with the limitations in the C:. The integrals are all completely determinate in
numerical form and leave an equation which is linear in C,, C, ... C,.

By taking M at some other point a further equation is obtained, and finally
the number of simultaneous equations becomes sufficient for the determination of
C,, C;...C,. Thisis, of course, the essential solution for yg.

Some degree of skill, acquired only by experience, appears to be required in applying
this process. The choice of the divisions and the positions of the location points “ A *’
offer an infinite number of possible arrangements, some of which are much more favour-
able than others. At best the process is tentative, and we have usually started with
a series of 6 or 8 equations from which to deduce yy and completed the calculations.
Some two sections show a greater change in their C* than others, and if the difference
1s very great the two sections are replaced by three. There is no reason to regard the
method as uncertain if treated in this way.

Resistance and lift—The calculation of resistance follows the lines of that given for
the cylinder. Instead of the angle M we use yy;, the angle which the normal at M makes
with the axis of #. It is also necessary to consider forces normal to the direction of
motion. The definitions of the pressure components are

: ov
P = —Pt25
g O
Doz = p+2uam', R € )
_ [ov , ou
.pzy":“<am+ay>)
whilst the force components are
Rx=jpncosmdsm+Jp,y‘sinyMolsM. R € X €))
and
Ry_—_prysinymdsm+jpzycosw[olsm.. .o . . . G(10)
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By the same processes as were followed for the circular cylinder equations G (9) and G (10)
can be shown to become

Rx=—j(p¢cosm+u§sinym)dsM, ... . .. Gan
Ry=—j(psinym—@cos;/M)dsM, N C X 0 5

whilst the expressions for p and ¢ are unchanged from the forms D (20) and D (21).
The expressions for p and ¢ in terms of A are

—plp = 2ku+2cha7‘°M+2kJa>‘Ede. NN e 10T
and
(= 2kAa>‘°M+zkja>‘EMd e . . . G(19)
St )

From which is obtained

_ (| O\oum _ o )
R, = 2]0,4&} I: U cos yM+A. ( . ™ . sin yu

e Mt - ’
+ j{ ayEl:I COS ym— ﬁ sin ‘}’M} dXEJ dS‘M P G‘ (15)
- _ Moy | [ Nem ]
_ 2kpUjdgM+2kuj[A pox | Mt gy s . GG6)
7.\ € X 0 ¥4
This generalises the formula for resistance already found for the c1rcula,r cyhnder and
flat plate.
Similarly
R, = 2ku j[ Usin yu+A { );;’;‘ sin yy + %’i{ cos ‘)/M}
OAgM _: N
+ j{ ay“f{“ sin yy + ﬁ cos yM} OZXE] dsw. . . G(18)

From the differential relations for Agy it can be seen that

Nt i e N o= 2 K (REM) sin gy - -0 K, (REM), . G (19)
8 Ym awM m k 8 SM
and that R, becomes
R, = — 4| {Ae"’uKO(kOM) + [ e, (REM) dXE} dsw. . . G(20)
m™ contour

Except in the case of symmetry it is not obvious that R, will vanish, but rather that a
lift may be expected.
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APPENDIX.
Calculation of the Values of » and L.

In much of the preceding work it has been sufficient to work with the differential
coefficients of A and L, but in the more general cases it is probable that values of A

and L will be required in addition to those of their differentials.
A has been defined in equation A (6), p. 387, as

an_139 =K, (kr), .

ox  kr Oy
oa_2(_ 13\
= (- ) R,

and it is now proposed to develop the integral for A.
Change the variables to

z = kux, a = ky, g=kr, 6=tan"afz, .

with the differentials
i€ _a of _ 2 a0 2z 0 _  a

— —_—

8a=f oz ¢ da &’ 3z 2

With these variables H (1) and H (2) become

QA_ cos 6 M
wkaa—ef {Ko(g-‘)—cose 85}

and

ok O = gin goteose Ko ld)
0z o¢

Assume for wk\ (¢ 6) a relation of the type
kA = €<% ¢ (g, ), .

from which by differentiation we find

?A_ fcosﬂ{a‘i’ : la_‘é }
rlraa—e afsm8+£ 890080 )
and
o _ fooso | 9¢ _1 d¢ . }
rkaz—e JL¢+850086 : 86sm9 .

H (3)

H (4)

H (5)

H (6)

H(7)

H (8)

H (9)

Combining H (5) and H (8), and H (6) and H (9) leads to the elimination of the factor

e°*® and leaves two equations for ¢. They are

and

0
of g o0 U

H (10)

H(11)
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Multiply H (10) by sin  and H (11) by cos 6 and add to get

¢cos(~)+—g(—§=Kosin9, . . . . . . . . H@Q2
and by a similar process
—¢sin6+§:°g—g=Kocose—?—§i’.. .. ... H@3)

Equation H (13) may be integrated in the usual way, the integrating factor being efe>°,
The result is

efc"“-gb=J‘:,fem“{Kocosa—a—al-é—“}da+f(f). . . . . H(14)

Differentials from H (14) may be used in H (12) to determine the value of f(¢), and

remembering that
K, 10K, _

T
it is found that f’(¢) =0, and f(¢) a constant independent of ¢ or 6. There is no

loss of generality in the problems concerned if f(¢) be made zero. Finally, therefore,
we have

Ky,. . . . . . . . . H(15)

¢ oK
— £cos a 0
TN = Lfe {Ko cos aa— Y }dw . . . . . . H(e)

Using SONINE'S expansion for ¢*°*% viz. :—
dore =1 (8)+2 3 I,()eosna, . . . . . . H(L7)
n=1

and integrating term by term leads to the result

i = 80 (K L+ KL) +¢ = S”;“" {K, (T,_1+1,,) +2K,L} . . H(18)
n=1
=e+g§Si“n”"{Ko(I,,,lJrIm)+2K11,,}. ... ... HQ9)

H (19) follows from H (18) by the theorem in BEsSEL functions that
KL+KIL,=1/¢ . . . . . . . . . H(20)

Equation H (19) shows that A is a cyclic function in respect of the term 6 only, and the
general nature of the BEssEL functions involved shows the series to be convenient when
£1s small. Tables of K,, K;, and I, are given at the end of the recently issued book
on BEsseL functions by Gray, MaraEWS and MACROBERT.

When ¢ is large a different method is more convenient. Equation H (16) may be
written as |

] ) a 0.E .
wkx=gKILews«dﬁgK%LeCM de . . . . H(21)
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and evaluation turns essentially round the possibility of a general estimation of

9
[ cor,
10
Now
9 J 9
[ R A
0 0 0
Let .
B=+2¢sinaf2 and  Bi=+28singfz . . . . H(238)

and H (22) leads to
jfc"“da—e’f«/q -B’<1 2—;> ag. . . . . H(24)

By differentiation of H (24) with respect to ¢ and the use of H (21) it is found that

rkx=(Ko+K)e£¢2§j -B*( %}“*dﬁ

— r e (1— éﬁ> §d,8+Ko tang—efe“”". . H(25)
[

Rt
K,e \/25 Y

Now use the asymptotic expansions for K, and K, which lead to

es 14/{ P12 (82),.,,_}_ ... . H(26)

¢(K 0+K1)\/ /\/ {2—12+81;_4+12‘32+2(!12;52(32'4)...} . H(27)

and

Further, expand the expressions (l—gg— and < —g—:})ﬂ by the Binomial theorem,
and by use of them together with H (26) and H (27) re-write equation H (25) :

an = «/;F{z——-"—--la+ (81;'4) |
L1 32+2('12854)2(3= 4) '}fxe_ﬁg{lﬂzll.?,.5;%.!.577:{(%)"}01@
"zzj{l 81; 2‘!32'(_23—15)3_"'}“?%6 5’{1 E = 5%! 2n+1<f§2‘>n}dﬁ

M2 tan 9 e-ﬁr} .. H(28)

PEARSON* tabulates values of a quantity m,, (¢;) which is such that

_ 1 2,22
Man () = 55 (2n-1)\/27rj"”6 de. .. . . H(29)

* < Tables for Statisticians and Biometricians,” by Kart Prarsow, F.R.S.
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To bring this into a form of present utility let 2 == 282 and re-write H (29)

—_— 1 27’; B —B?2n ‘
e (1) = 5o T \/Wjoe g, . . . . H(@30)
and hence
1— By /"3_2>n _ I . .r'wl-‘\ n )
\/WL (45 " dp = L1.3.5...371-1}(\89 my, (2). . . . H(31)

To simplify the final writing and also to facilitate numerical work certain groupings
of quantities are convenient ; they are

N L G S )
=1 85+———2! .(85)2
o 1P—4  (1P—4)(3°—4) _
sy=1 8¢ + 21 (82) e . H(32)
o =(.8.5.. 2n~1)2<i>"
" n! 8¢ J
and in terms of them
2 = {2 (s 5) =2} (3 (1+a)—1)
- (27’L+1)8 , —5 0 —z? '
+ 731{2 (s1+8,)— ———E—‘ Cumy, (2,)+ s, /\/;étange 2, . H(33)
In using I (33) it is to be remembered that
X, = 2\/g°sing-. T = .78

The expression % (1-a), has here been introduced* as a convenient integral for the

Gaussian probability integral in order to make use of PEARsON’s tables. It is defined

by :
1

2( +0C)x| \/271- ~m6 dl, H(35)

and it is readily found from this, that in the notation of this appendix
i——jﬁ'e’fﬂdﬁ =1(l+a)—% . . . . . . .H(36)
(\/7{_ 0 xy 2

Equation H (33) provides a convenient formula for the calculation of A when H (19)
is inconvenient.
* Ibid., p. 2, et seq.
VOL, COXXIIL—A. 3 L
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The relation between A and L is

L=x=2 . . ... . H®3

and is sufficient to define L in terms ¢ and . In many respects the acyclic function
L is more convenient for use than A with its cyclic change of 2/k.

GRAPHICAL REPRESENTATION OF

10 — & = 00 THEe FUNCTION L(F;,G)"

Fic. 8

» | 9 /> '

As a function of 9 it appears that L (¢, 0) has an infinite differential coefficient when
0 =0 and ¢&= . ’ '

[Note added April 5th, 1928.—Since the presentation and reading of our paper
an addition to the published mathematical solutions of the flow of viscous fluids has
been made by BErry and Swain. The full details appear in ‘ Roy. Soc. Proc.,” A,
vol. 102, March, 1922, p. 766, and the analysis has such a close relation to that described
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by us as to make a direct comparison desirable. It appears that the arbitrary constant
which BERRY and Swain left undetermined may be deduced from the comparison, and
the result is a generalization of LaMB’s resistance formula for a circular cylinder to
any elliptic cylinder with one of its principal axes along the direction of motion.

In order to avoid confusion of symbols we replace the k and ¢ of BERRY and SwaIn
by 3 and ?, so that the elliptic co-ordinates become

x = B cosh ¢ cos 7, y=Bsinhésing . . . . . . J(1)

a is the semi-axis along the stream and b that across it; in developing the formuls,
steps will only be shown for the case @ > b, for which instance g° = a* — b*. BERRY
and SWAIN give an expression for the stream function which is

) b .
;];/%=%{abw%anh—la-.b-?cotht—m},. L I®

and for the vorticity { = V%

§ vz 2 C()Sh t sin 3
— = Vit = -2 s . B K
2Bab 4 B cosh® ¢ sin® y+ sinh? ¢ cos® 4 (3)

In order to compare J(2) and J(3) with our own results, we first express + and
¢ as functions of the polar co-ordinates R and M, where

#=TReosM, y=TRsinM. . . . . . . . J(4

Since V%, =0 it follows that ¢ satisfies LAPLACE’S equation; it is symmetrical
with respect to the axis of ¥ and asymmetrical with respect to the axis of #. Since it
vanishes when R is infinite, a suitable form for ¢ is

¢ AsinM
2Bab = R

A, sin 3M
R3

A, sin (2s+1)M
R23+1

+ +ot +ete. . . J(5)

The values of A, ...A,., can be obtained most simply by considering the special
case in which M = ~/2. J (5) then becomes

§ > = — S A2s+1 | J
<2B0&b /2 - ?( 1) y2s+l > e e e (6)
whilst J (3) reduces to
. - (-
<2Bab a Beoshtfws’ =~ = T J(7)

and from J (1), (8 sinh #),, = y. Since y is arbitrary, a value may be assigned to it
which is greater than 8, and a comparison of J (6) and J (7) then shows that

, ) vy,
(—=1) A,,; = coefficient of y~®+? in — §»<1+ %) s ... J(8)

3L2>
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from which it appears that
AI = —27
1.8.5...(2s—1) coee e J(9)
s # 1; A2s+1 = - 9s-1 E. /823'
This completely defines ¢ by the use of J (5).
Since
Ay, sin (2s+1) M
VZ = - § = & 2o+ PR . . . . .
V=T SBap = TR Re J(10)

it is possible to find a value of ¢ as follows. Directly from J (10) it may be seen that

Ayy sin (2s4+1)M
8s R*-1

yt = Rsin Mlog R+ 2 + a harmonic function. . J(11)
1

On the other hand

¢+1y = cosh™? <g:_—;_z_y> = log?e"M{lJr «/1——’%—26'“} .. J(12)

and it follows that ¢ is harmonic. That part of ¢ which does not vanish when R = o

is easily found to be log 2R , and an examination of the typical terms of the expansion

for ¢ shows that

t=log%ﬂ+?g—2‘—9—o€§————m. A KT
From this y¢ is found as \
gt = Rsin Mlog%+%—?0% {sm(2s+1)}1;428:sm(2s—-1)M}’ . T (14)
which by comparison with J (11) shows that
yt = Rsin M log ?Bf-‘ +2 A83 . sin (2s+1) ?’}flg_iill(%”l)Mx . J(15)

Before the expansion of + is complete, it is necessary to deal with the further
term ¥ coth ¢, which is a harmonic function conforming generally as to symmetry with
the conditions indicated earlier for {. When R is infinite coth { = unity, and a
suitable expansion is

ycotht:RsinM-—%Q%“Sl%Sﬁerl)M.. ... J(1e)

If as before in the case of A, ,,, we determine Q,,,,, from the special case in which
x = 0, we get from J (7)

Y
(ycoth t),y =y Ml + ’—S;

52
Yzt Z(=1)m
Yy 2

1.8.5...(2s—8) B* ‘
23‘8( )y2s~l’ : J(J'7)
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which by comparisoﬁ with J (16) with M = =/2 leads to

1.3.5...(2s—1 Id _
s #0, Qi = — 2'“‘8-5—1 ),82"'“2: mAzHU .o J(18)

From the separate expansions the completed form for i can be written down as

v R sin M{M + tanh-! b _ log —2—]5}

2Bab /82 a 16
s Aua sn@srDM_a*sin M
D L(s+1)  Ren |
__?A82;+1sin(2s+1)1\§;-s_slin(2s—-1)M, RN 161

this expression being deduced wholly from BERRY and SwaIn.

The equivalent expression arising from the solution of the equations of motion in
the form proposed by OsEEN will now be obtained. Using the formulw® in the body of
our paper and the boundary conditions adopted by BErRrRY and SwaiN, we find for
the stream function an expression of the form

\pM=ALOM+jLEMdXE+H3-—UyM, R £ 010)]

where U is the magnitude of the steady streaming, Hj is a harmonic function which
vanishes at infinity, A is a constant and y; a boundary function. Near the cylinder
and for small values of REYNoLDS’ number it has been shown that the + of J (20) is a
solution of the equation '

Vil =0, . . . . . . . . . . J(21)

and -y is there necessarily identical with the - of BERRY and SwaAIN.
The appropriate approximation to J (20) to conform to J (21) is found by writing

L=—y—<1——y——1og@), C e e T (22)
T 2 ‘
and therefrom
\ /
=2 (19— 1og ) 4 L [ (ggm) (1~ 1og BEM) o+ H,~ Ui 3 (29)
T 7 2

From the form of the integral and considerations of symmetry it may be shown that

W= A<1—-~y—- log Zc_}) Rsin M— lj(yu——yg) log EMdyz+H,—URsin M. . . J(24)
aw i

3 L3
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It appears that the integral in J (24) will vanish when R = co—it will be evaluated
in due course—but it may now be noted that the results so far obtained suffice to
determine the coefficient B of the BERRY and SwaIn formula. From the equality of the
coefficients of R sin M log R in J (19) and J (24) it follows that

o J(25)

w

whilst the similar equation from the coefficients of R sin M is

A k b(a—D) b 2\
;‘ <1—‘y—— lOg 5) —2Bab (\T + tanh—! ;i - log B) = U, P J(26)
or after a few simple transformations |
Alla _ _ k(OH—b))_ |
AL —y—toghlatt g )

Resistance Formula.
The resistance per unit length of cylinder is given by BERRY and SwaIN as
R = 474 (2Bab),

and this by use of J (25) becomes
R = 4uA,

the formula given by us for the‘genéral case of slow motion in two dimensions as based
on OSEEN’S approximation to the equations of motion. Putting in the value of A
found in J (27) leads to the result

R= dmp . T(28)

The resistance formula J (28) was deduced from calculations based on a > b, the
flow being along the major axis of the ellipse. A repetition of the calculations for
b > a shows the formula to be unchanged if the ““ ¢ ”” axis be along the stream in the latter
case. When a = b the elliptic cylinder becomes circular and J (28) identical with the
formula given by Lams.* ‘

Comparison of the resistances of ellipses of different eccentricities, one of the principal
axes being along the stream.

The only logical basis which has suggested itself to us is the calculation of the
size of cylinders as a function of eccentricity, other quantities being maintained

* ¢ Hydrodynamics,” Lams, 4th Edn., p. 606,
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unchanged. It is supposed that the cylinders are moving in a specified fluid at a given
speed, and are of such size that the resistance is constant from cylinder to cylinder.
Equation J (28) may be rewritten as

R _ 1
4auU _a
a+b

G Co s J(29)
- —logé—v—log(a+b)

For the conditions postulated for the comparison R, x and U are constants, and from
J (29) it then appears that ‘

A log (w+b) = constant = log Q,. . . . . . J(30)
or separating the terms depending on size from those which change with eccentricity
only

log9a=~l-—~log<1+é>. R N €39
L+ b “
a

The relative dimensions of elliptic cylinders of given eccentricities and common
resistance are independent of Q, that is, of the absolute amount of the resistance.
From J (31), Table A has been prepared.

TABLE A.

bla. alb. Qa. 2b.

0-0 2-72

0-2 1-92

0-4 1-46

0-6 1-17

0-8 0-97

1-0 1-0 0-82 0-82
0-8 0-87
0-6 0-91
0-4 0-95
0-2 0-99
0-0 1-00

The result of the comparison given above is rather curious in that it places the
circular cylinder in the position of being more highly resistant than a lamina one
diameter wide across the stream. A plane along the stream has a maximum dimension
e times as great as a plane across the stream when producing the same resistance.

The proportions indicated by Table A for small values of Rmynonps’ number
differ markedly from proportions found experimentally at larger values. Kxperimental
evidence indicates a rough agreement in the diameter of a circular cylinder and the
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width of a lamina across the stream when the two are giving the same resistance.
A lamina along the stream would require to be some 50 to 100 times as wide as a lamina
of equal resistance across the stream if the value of REYNoOLDS’ number is as high as
that reached in experiment.

An indication of.the numerical value of REvNoLDS’ number to which present
calculations apply was given in the early part of this paper.

Completion of the analysis of the fluid motion on the basis of J (20).

Equation J (20) represents the slow motion of a viscous fluid not only near the
cylinder, but at all parts of the fluid. It contains two quantities y, and Hj, which
have not yet been determined. A method of finding both for a cylinder of any form
has been given in our paper, but in the case of the elliptic cylinder their values may be
determined from the comparison of J(20) with the formula of BErRRY and SwaIn.

To determine y;; use may conveniently be made of the vorticity for

§I=_AVﬂ4m+-ijqude L I(32)

The approximate form of J (32) which is suitable for use near the cylinder is

7§ osin M (yu—ys ;xu ‘
™~ —p S 2fEM2dA. L T(33)

Using the normal device for determining the coefficients of a FOURIER’S series
leads to the equation :

Asin 1 rr{ : J?/M""'Z/E XE} y
2= - 2s+1 e d AE .o . J(34
R2S+1 T Jo Sm( $ {“ )M EM2 d A dM’ ( )
changing the order of integration and writing
&g = 7 CO8 0, Yg = 7 sin 0,

converts J (34) to

Ay _ _ 1 HF”(R sin M —7 sin ) sin (‘Zerl)l\l[OZM}> dxw J (35)

Reet T 2 U R?+7?— 2R cos (M —6) A

The denominator in the integral with respect to M may be expanded in cosines of
multiple angles and the integrations performed, with the result that

Az,,*l:—jrgscoszsOd)f. Coe o J(88)

When proceeding to evaluate the remaining integral it is convenient to express y;
as a FOURIER series in 5. Since E is a point on the elliptic boundary

7 cos 0 = a cos z, #sin @ = b sin 4,
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and
Ageyr = real part of — j (r cos O+r sin ) @A&E ,
v.e. of |
—- H@g—l—) (cos n+isin y) + (—Z—;i) (cos y—2 sin ;7)}25 9%9 S K18

_— 2—2————9@———{@ Bt a4+ BYr -+ (b0 {a—bYr) cos (23—2g) s X2, . 3 (38)

Only cosines of even multiples of 5 in the expansion for dyy will lead to terms in
the integral and we therefore assume that

d EBN cos 2pndy. . . . . . . . . J(39)

b>l><

After a number of simple changes, it is found that

=B\ s {(a-—b)ﬂ <00+b>?’} '
Ao = = 3 (2] i gy + G )
Tt is possible to solve J (40) in general terms ; to see this, let
b b\? : :
TR T MR

combining J (9) with J (40) then produces the relation

93 ___*lgf* p~1N!  — S {?S_W 1w IZS
*"?|s+pg_s_:£( N Thrpp-p -
=(—1)sﬁﬂ%(_1)r:o.. L J4)

It follows from J (42) that N’,, must be zero for all values of p, and J (41) then
leads to

_4 (=1)
N, = - (c&-—b)i" . <a+b>{“ Coe e J(48)
a+b a—b

and with J (89) completely defines yy.
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Determination of H.

From a comparison of forms J (19) and J (24) it will be found that

H,=3A,,, {62 sin (2s+1) M sin (2s—1) M} _a’sin M Aysin M
1

™ — e
A 4 (s+1)R=+1 gsRe-1 2 R 8R

+ harmonic part of'J'(yM—yE)logEM%)% Coe e (49)

<l b?sin (2s+1)M sin(Zs——l)M} sin (2s+1) M
"?[A%“{ L) RET T geRE [ T y(@sp ) REn

J‘{rm? cos 286 — r®+2 cos (25 +2) 9} -‘%l:’ — %‘ZSIEM ~As SIII; M- J(45)

25+2
Making use of J (36) and the relation

2 2 2___2
r2=a;b+a2b0082n

leads to the evaluation of the integral of J (45). Finally, then,

TH, = _a2sinM+ 5 sin (28+1)M[Am1{ b? a’+ b } T SA, .

A 2R 1 R+ 2 12542 4(2s+1) 2s+1) (2s+2)

1 a’ =D\t 3 2s a=b\?  [a+Db\?
o+ 4(28+1)< 1 ) pE:o !8—_12%’8__110{<a+b> + <0L—Z)> }:{N2p+2+N2p—2}]~ J (46)

The values of x5 and H; having been found in general terms define the fluid motion
at all points by means of J(20). No attempt has here been made to evaluate
analytically the integral of J (20) at points in the fluid for which the BERRY and Swain
formula is inapplicable. In any particular instance the graphical evaluation presents
little difficulty.

It may be noted that y; vanishes when a = b, i.e. for the circular cylinder. This
might have been demonstrated, as in our earlier paragraphs, as a consequence of the
restriction of the differential equation to V*J = 0. This approximate form excludes
" inertia ” terms altogether, whereas the OszeN form of equation includes an important
part of them. The extension of solutions to higher values of REYNoLDS’ number with
which we have dealt in the body of the paper is therefore not here applied to the more
general case of the elliptic cylinder ; the method of treatment for a cylinder of any
shape has been indicated elsewhere, but no applications have yet been completed.]
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